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Abstract: Macro- and micro-dynamic mechanical non-linearities limiting the precision of conventional DC motor-driven positioning systems based on sliding and rolling elements have been
characterized experimentally via a laser interferometric system. The obtained results confirm
recent tribological models. In particular, the parameters describing the non-linear elastic and
plastic phenomena related to pre-sliding displacement have been identified and used to develop
an integrated system model. It was therefore possible to prove that, in the range of displacements corresponding to the pre-sliding phase, there is a quadratic dependence between the
duration of an actuating impulsive force and the resulting displacement. According to a pulse
width scheme, a control law has been implemented whose adaptive structure compensates for the
position and time variability of the observed non-linear effects. The application of the proposed
approach to both short and long travel ranges and the reached nanometric accuracies confirm
the applicability of the proposed control scheme to compensate concurrently the macro- and the
micro-dynamic effects.
Keywords: nano-positioning, mechanical non-linearities, pre-sliding displacement, pulse width
actuation
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INTRODUCTION

email: sasa.zelenika@riteh.hr

It has been extensively demonstrated that the compensation of these mechanical non-linearities has
to be based on properly designed servo control
typologies [3, 9–11]. The requirement to achieve high
precision is nowadays generally met by applying dualmode control, where one controller is used to compensate the macro-dynamic phenomena, while another
control typology is used for the micro-dynamic nonlinearities. Switching between the two controllers
is performed in the micrometric region, i.e. coarse
actuation is used to bring the system in the vicinity of the reference position where fine actuation
is used.
In reference [12] the macro-dynamics of a lead
screw-based positioning system is modelled by a
system equilibrium equation including a constant
Coulomb friction force and a viscous friction coefficient. On the other hand, the micro-dynamics of the
system is dealt with by adding into the system a nonlinear function with a rule-based PID tuning method.
This non-model-based approach allows high positioning speed to be obtained, but with micrometric
accuracy only. Moreover, the adopted control strategy
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In the design of high-precision positioning systems,
a solution based on sliding and rolling devices is
frequently adopted. The usage of such mechanical systems limits, however, positioning precision
in modern machine tools, optical systems, robots,
scientific instrumentation, semiconductor technology, measurement equipment, etc. [1, 2]. It is well
known that in this case precision is significantly
influenced by the presence of two types of mechanical non-linearities, which are usually referred to as
‘macro-dynamic’ phenomena (stiction, Coulomb friction, viscous friction, backlash) and ‘micro-dynamic’
phenomena (pre-sliding displacements, i.e. displacements that occur even for loads smaller than those
needed to overcome stiction [3–8]).

∗ Corresponding

author: Department of Mechanical Engineering

Design, University of Rijeka, 58 Vukovarska, Rijeka 51000, Croatia.

1956

S Zelenika and F De Bona

is limited by the fact that the characteristics obtained
from off-line experiments do not take into account the
position and time dependence of friction.
In reference [4] a model-based approach for the
positioning of a ball-screw-driven stage is proposed.
The macro-level model of friction is more accurate
and based on the well-known bristle scheme developed in reference [13] (known also as the LuGre model
[14, 15]), where the deformation of elastic bristles
between bodies in relative motion gives rise to frictional forces. The pre-sliding (i.e. static friction) regime
is described by a simplified linearized version of the
model developed in reference [16]. Off-line system
identification is necessary in this case as well. Moreover, the control design technique requires the bounds
of external disturbances to be known in advance.
In reference [17], a similar approach is proposed: a
simplified version of the micro-dynamics model given
by Futami et al. [6] is used. A dual control law guaranteeing a smooth transition into the micro-dynamics
region is implemented permitting a positioning error
of 10 nm for linear motor-driven guides to be achieved.
The approach requires an off-line identification of system parameters. In general, its applicability in the
case of position variability of system parameters is
not assured, as an experimental investigation of the
uncertainties of the disturbance bounds is required.
In reference [8], the macro- and micro-dynamic
regions of a ball-screw-driven stage are described
by using again the friction model proposed in reference [13] and the pre-sliding model of reference [16].
An adaptive sliding mode controller is used to obtain
nanometric accuracy. The method requires a preliminary experimental evaluation of all the parameters of
both models. This could, however, require a tedious
trial and error approach [16].
Recent literature confirms, thus, a tendency towards
using dual-mode control laws where the models
used to describe the macro- and micro-dynamic friction regimes are usually different and quite complex,
often requiring an experimental evaluation of system
parameters. It would seem, however, that, regardless
of the used control laws, obtained accuracies are limited only by those of the measurement systems used
as position sensors in the feedback loop.
The aim of this work is to develop a simple
control approach, where a unique control law is
applied both in the macro- and in the micro-dynamic
regions. The possibility of using an adaptive control approach developed by Yang and Tomizuka [18],
well established when macro-dynamic phenomena
are to be overcome, will thus be explored with the
purpose of extending its applicability to the microdynamics region.
The adopted models for the macro-dynamic and
the micro-dynamic friction phenomena will thus be
described in the following section. The respective system parameters will be identified on an experimental

set-up. The adopted control typology based on an
adaptive pulse width scheme will be given in section
3, where a mathematical model encompassing all the
non-linear effects will be described. The identification
of the relation between pulse width and the resulting displacement will allow then to apply in section
4 the developed approach to high precision positioning on short (10 μm) and relatively long (1 mm) travel
ranges. In all the considered cases, nanometric accuracies are achieved, since the proposed system compensates concurrently the macro- as well as microdynamic non-linearities. A physical interpretation of
the observed behaviour is finally given.
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2
2.1

SYSTEM DESCRIPTION
Experimental set-up

Figure 1 shows the scheme of the system developed
for the experimental study. It consists of a DC motor
and a gear reducer, connected by means of an elastic
joint to a lead screw-nut drive mechanism that converts motor rotation into the translation of a guide
with free rolling elements (balls). A spring with a
slight pre-load is used to compensate for backlash. It
must be pointed out that standard mechanical components without particular accuracy requirements have
been employed.
The position feedback signal is obtained by using a
Michelson-type laser-Doppler interferometer system
for non-contact measurements, permitting a resolution of 10 nm to be obtained. The uncertainty in the
stage linear displacement measurements was evaluated according to the procedure suggested by Steinmetz [19]. In the case of a maximum stage travel of
Xsl = 10 mm, an interval of uncertainty of ±20 nm was
obtained. The use of an interface board provides an
analogue signal (maximum range ±10 V) that is proportional to actual displacement. This signal is then
read by the control unit, a floating-point digital signal
processor (DSP – model TMS320C31 by Texas Instruments). This board is used to control the motor and
allows the implementation of linear and non-linear
control typologies by using algorithms written in C

Fig. 1

Scheme of the experimental set-up

Nano-positioning using an adaptive pulse width approach

Fig. 2

Set-up of the measurement system (clearly visible
are actuator, linear slide, interferometer, and laser
head)

Fig. 3

1957

Friction and its dispersion

with libraries including predefined control functions.
The actual set-up of the system is shown in Fig. 2.
2.2

Macro-dynamics mechanical non-linearities

The most important macro-dynamics mechanical
non-linearities are represented by static, Coulomb,
and viscous friction [3, 18]. In order to establish the
dependence of frictional loads on system motion, a
simple measurement procedure [20] was followed. It
can, in fact, be shown that angular velocity is proportional to the voltage applied to the motor, while the
absorbed current is proportional to frictional torque.
Therefore, the mechanical non-linearities of the system referred to the motor axis can be identified via
a measurement of electrical parameters. To evaluate
the contribution of all the elements of the electromechanical positioning system, the procedure was
first applied to the motor alone, and then it was
repeated by adding in the other elements of the
kinematics chain one by one. In all the cases the measurement was repeated in 10 different positions. By
comparing the frictional loads of the single elements
of the positioning system, it was established that the
main contribution is that of the DC motor. In fact,
when the contributions of the downstream elements
are referred to the motor axis, the corresponding frictional torques must be reduced proportionally to the
speed ratios.
Figure 3 shows the dependence of frictional torque
Mf on angular velocity ω for the whole system. The
characteristic Stribeck curve can be clearly observed,
where the viscous component is mainly caused by the
back-electromagnetic force of the motor. This type of
behaviour is typical of positioning systems driven by
DC motors and it is in perfect agreement with recent
tribological models [3, 21–23]. Figure 3 shows also
the frictional torque interval of uncertainty resulting
from repeated measurements; the considerable dispersion (up to ±15 per cent) is mainly caused by the
variability of friction. In fact, it has been extensively
proven that friction phenomena have a significant
dispersion due to microwear, position dependency,
JMES1489 © IMechE 2009

Fig. 4

Macro-dynamics model

as well as time variability of temperature and lubrication conditions. Secondary effects such as frictional
memory and rising static friction (influence of the history of motion on the value of the frictional force) can
then enhance these effects [3, 24]. Similar percentage
values of frictional dispersion were reported also by
Yang and Tomizuka [18], where the case of accurate
positioning systems involving only macro-dynamics
effects was considered.
The experimental set-up of this work can be modelled physically by the equivalent translational mass–
damper–friction system shown in Fig. 4. From the
measurements of Fig. 3 it is hence possible determining the model parameters referred to the translation
axis as: mass M = 0.723 Gg, static friction Fs = 274 N,
Coulomb friction Fc = 152 N, and viscous damping
coefficient c = 967 167 kg/s.
2.3

Micro-dynamics mechanical non-linearities

In the case of positioning systems that should achieve
nanometric accuracy, the micro-dynamics behaviour
has to be considered. As already pointed out, this
behaviour is sometimes termed also static friction,
pre-sliding phenomenon, or stiction. It is basically
constituted by the non-linear motion induced by
forces smaller than those necessary to overcome the
static friction force. Physically, at the microscopic
level, friction is, in fact, due to linkages between
asperities on contact surfaces. Pre-sliding motion
occurs when shear stresses deform elasto-plastically
the asperities [5]. Recently an elaborated phenomenological dynamics model in the pre-sliding region was
Proc. IMechE Vol. 223 Part C: J. Mechanical Engineering Science
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developed [16] and applied to nanometric positioning [4, 8, 25]. The model includes a non-linear elastic spring serially connected to a plastic module,
the latter experimentally observed but not included
in any of the previous pre-sliding models (see, for
example, reference [13]. Other authors model the
phenomenon even as piecewise linear [6]). A viscous damper characterized by a coefficient cs , which
takes into account the energy dissipation of the phenomenon, is also included (Fig. 5). The non-linear
elastic module models the hysteresis by using three
scalar parameters indicated, respectively, with k1 , k2 ,
and β. The plastic module, characterized by creep
and work hardening, has as system parameters α,
λ, and n.
According to the somewhat cumbersome and generally rather qualitative trial-and-error procedure
described in reference [16], parameters n and λ,
related to work hardening, are determined from a
static test. In the case of the positioning system considered in this work, the test was performed by gradually
loading the linear slide mounted on an optical bench.
In fact, considering the speed ratios of the elements
of the experimental set-up, displacement accuracies
in the nanometric range imply that the linear slide
will certainly be in the pre-sliding regime. An increment of loading was performed only when the system
came to an almost complete rest since nanometric
level motion is observed even after extended periods of time. The resulting displacement Xsl of the
stage was measured making use of the Michelsontype laser-Doppler interferometer system (see Fig. 6).
The measurements were performed up to the point at
which stiction breakaway occurred, i.e. in the region
where Xsl = x. The load-displacement characteristic
was also recorded when unloading the system starting
from different load levels.

Fig. 5

Fig. 6

Micro-dynamics model

Measurement of pre-sliding displacement
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Fig. 7

Pre-sliding displacement vs. applied force

In Fig. 7 the load-displacement characteristic
obtained by averaging 10 measurements is shown. In
the whole measuring range a maximum interval of
uncertainty (not shown in the figure for clarity reasons) of ±6 per cent was assessed, confirming that,
as already noticed by Courtney-Pratt and Eisner [5],
micro-dynamic phenomena have a relevant stochastic component. It can be observed that, before the load
reaches stiction breakaway, a significant displacement
is obtained. The measured displacement is a nonlinear function of the applied load. When the system is
unloaded, it travels back, but the resulting displacement is significantly smaller than the displacement
obtained in the loading phase. Moreover, the displacement versus load characteristic during unloading is
almost linear, with a mean slope that remains almost
constant independently of the load at which unloading
is started.
In accordance with reference [16], the determined
parameters are then, respectively, n = 2.81 and λ =
0.09. The curve of Fig. 7 allows also the non-linear
elastic module parameters k1 (corresponding to the
stiffness of the equivalent non-linear spring at the end
of the hysteresis loop), k2 (stiffness (k1 + k2 ) corresponds to that of the equivalent non-linear spring at
the reverse point of the hysteresis loop), and β (with
k2 related to the force-to-displacement characteristic
of the hysteresis loop) to be assessed. According to
the procedure given in reference [16], for the considered experimental set-up these parameters are then,
respectively, k1 = 0.13 N/m, k2 = 2.13 N/m, and β = 5.
Parameters α and cs are determined from dynamic
tests described in reference [16]. Parameter α, related
to creep, is determined from step force inputs, and in
this case its value is α = 1. Finally, ramping the input
force to the linear stage and then suddenly removing it, allows the damping ratio and consequently the
damping coefficient to be determined as cs = 0.9 kg/s.
In reference [16] and other literature, as well as from
the experimental results given in Fig. 7, it is clearly
shown that the micro-dynamics phenomenon has a
marked variability due again to position and time variance of friction. The dotted line of Fig. 7, representing
JMES1489 © IMechE 2009
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the results obtained by using the Hsieh model [16]
with the above values of the characteristic parameters,
matches, however, excellently the results obtained
experimentally performing the described static tests
on the linear slide.
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of the considered translational model are
Fimp = M Ẍ + c Ẋ + Fc

for Ẋ  = 0

M Ẍ = 0

for Ẋ = 0, |Fimp |  Fs

Fimp = M Ẍ + sgn(Fimp )Fs

for Ẋ = 0, |Fimp | > Fs
(1)

3

ADAPTIVE PULSE WIDTH APPROACH

As pointed out previously, the presence of nonlinearities caused by friction and their time and position variability implies the necessity of adopting a
suitable control law. It has been extensively shown
that friction gives rise to steady-state errors and limit
cycles [13, 18]; as confirmed by the results shown in
Fig. 3, friction variability can also affect significantly
positioning precision.
There is a broad literature describing various control
typologies that allow compensating these effects [3,
15]. In the case when simple positioning (as opposed
to trajectory tracking) is sought, the adaptive control
typologies based on pulse width modulation (PWM)
constitute certainly one of the most efficient solutions
[3]. In fact, as everyday experience shows, when small
corrective movements are needed to reach the desired
position, the application of impulsive loads permits
static friction to be overcome without an excessive
overshoot caused by the rapid reduction of resistive
loads at stiction breakaway.

3.1

Compensation of macro-dynamics
non-linearities

In this work the PWM procedure proposed by Yang
and Tomizuka [18], applied to the equilibrium of the
equivalent mechanical model of Fig. 4, will be used.
According to the classical friction model, the friction
force Fa will assume the value Fs , Fc or it will vanish depending on the velocity of motion of mass M .
The control law described in reference [18] is derived
from a model-based adaptive friction compensation
via the control of the time duration (width) of the
actuating impulse F (t) = Fimp (t). This impulse has an
amplitude F̄imp > Fs . The modulation of the width of
the impulse results from the comparison of the displacement of the actual positioning system and that
of a reference model. This method is widely used
when simplicity and micrometric range positioning
accuracy are required [26, 27]. As it will shown in the
treatise below, this approach, developed to compensate macro-dynamic phenomena, could be applicable
also to the pre-sliding region.
The approach is based on the physical model of
Fig. 4 where only macro-dynamic phenomena are considered. In that case the dependence between the
pulse width timp and the resulting displacement X is
quadratic. In fact, the dynamic equilibrium equations
JMES1489 © IMechE 2009

In reference [18] it is shown that, integrating twice
these equations and neglecting damping, the total
displacement of the system can be expressed as
X =

F̄imp (F̄imp − Fc ) 2
2
timp = btimp
sgn(F̄imp )
2MFc

(2)

When viscous friction is present as well, the relation
between pulse width and the resulting displacement
is more complex



F̄imp  timp c/M
F̄imp timp
MFc
e
− 2 ln
−1 +1
(3)
X =
c
c
Fc
For short pulse widths equation (3) can be shown to
be excellently approximated by equation (2), since for
small velocities the force due to damping is negligible.
Because of the variability of frictional effects, however,
the coefficient of proportionality b between the square
of the pulse width and the respective displacement in
equation (2) has a significant stochastic component
and can be determined only adaptively by using the
classical Model Reference Adaptive Control (MRAC) or
Self Tuning Regulator (STR) algorithms [28]. Figure 8
shows the block diagram of the MRAC system implemented as suggested by Yang and Tomizuka [18]. For
this purpose the regulator is based on the characteristic quadratic equation (2), where the coefficient
of proportionality b between the square of the pulse
width timp and the resulting displacement X is determined by a Parameter Adaptation Algorithm (PAA).
The input signals to this algorithm are pulse width,
the actual displacement, and displacement X  that is

Fig. 8

MRAC algorithm
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phenomena and the pre-sliding module of reference
[16], has been implemented in MATLAB® .
It must be pointed out that, in the case when the
dynamics conditions are such that the whole system is
in the macro-dynamics regime, mass m vanishes and
consequently, as M ∗ = M and Q has to be set equal to
zero, the set of equations (4) coincides with that given
by equations (1).
Fig. 9

Integrated system model

3.3
obtained using a linear reference model in which an
ideal response of the system is assumed.
3.2

Compensation of macro- and micro-dynamics
non-linearities

In the case of nanometric positioning, macro-dynamic
non-linearities of the model of Fig. 4 have to be coupled with the pre-sliding model of Fig. 5. The resulting
system is shown in Fig. 9 where the part of the overall
system mass that is in the macro-dynamics regime is
indicated with M ∗ while the remaining part, which is
in pre-sliding, is designated with m. As already pointed
out, when the system used in this work is in the micrometric regime, mass m corresponds practically to that
of the linear slide. Stiffness k of the coupling of the two
masses is large enough so that the difference between
x and X can be considered negligible.
A mathematical model of the whole system is made.
In principle the coupling of equation (1) with the reaction force Q due to pre-sliding, evaluated according to
the model given in reference [16], is performed. The
equilibrium equations of mass M become therefore
Fimp = M ∗ Ẍ + c Ẋ + Fc + Q

for Ẋ  = 0

M Ẍ + Q = 0



for Ẋ = 0, Fimp   Fs

Fimp = M ∗ Ẍ + sgn(Fimp)Fs + Q

for Ẋ = 0, |Fimp | > Fs

∗

(4)
where Q = k (X − x) is the force due to the microdynamics reactions on mass m, i.e. the part of the total
mass of the system which is in pre-sliding regime.
The direct integration of these equations cannot,
however, be done since the micro-dynamics model
requires as input the time history of force Q. It is thus
necessary to make use of an iterative procedure. Equations (4) have to be integrated in time considering the
time history of displacement x and the resulting Q(t)
obtained in the previous iteration. The integration is
performed up to the point when the system comes to
rest. It is therefore possible to evaluate a new X (t) and
consequently a new time history of force Q, which is
input into the pre-sliding module. Convergence is generally reached in few steps, i.e. when the new value of
X in two consecutive iterations differs negligibly. The
respective algorithm, encompassing macro-dynamic
Proc. IMechE Vol. 223 Part C: J. Mechanical Engineering Science

Response of the system to impulsive loads
of variable widths

Trying to extend the applicability of the control
method developed by Yang and Tomizuka [18] to the
case of nano-positioning, it becomes necessary to
identify the dependence displacement versus pulse
widths. Basically, it is necessary to establish whether
the solution of equations (4) has still the quadratic
form of equation (2), which was obtained solving the
system of equations (1).
A numerical simulation according to the previously described procedure has thus been performed
with impulses of constant amplitude F̄imp = 1.25 Fs
and with gradually increasing widths up to 1000 ms.
An experimental verification has also been performed by actuating through the DSP board the
electro-mechanical system under consideration and
measuring via the interferometric system the resulting
displacements.
The obtained numerical and experimental results
are shown in Fig. 10. The intervals of uncertainty of the
measurements were obtained via repetitive (ns > 15)
tests. The mentioned position and time variability of
friction implies, in fact, the necessity to employ a statistical approach. The results of the simulation are
in perfect agreement with those given by equation
(3) and thus, for larger impulse widths, rather different from those obtained with the quadratic relation
of equation (2). These results are perfectly concordant with the average of the experimental results,
whose dispersion is at the level of a few percent. It
is important, however, that the simulation results, the

Fig. 10

Displacement vs. pulse width
JMES1489 © IMechE 2009
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analytical results of equations (2) and (3), as well as the
experimental results are all approximated very well by
the quadratic relation of equation (2) for pulse widths
timp  200 ms. This corresponds to displacements of
the order of 10 μm. As clear from equation (2), larger
values of the amplitude F̄imp of the impulsive force
would allow achieving larger values of displacements
for equal pulse widths.

4

PROPOSED NANO-POSITIONING APPROACH
Measured displacements for a 10 μm and for a
1 mm reference position

Comparing the data of Fig. 10 with those of Fig. 7, it is
confirmed that, if the range of variation of pulse widths
is limited to values where the quadratic characteristic
is valid, the linear slide is in the pre-sliding displacement range. This means that, even if the amplitudes
of the actuating forces are larger than those needed
to overcome stiction, the duration of actuation is not
long enough to induce breakaway and consequently
to produce sliding. Yang and Tomizuka’s model, developed to compensate macro-dynamic non-linearities,
is therefore still valid when micro-dynamic phenomena are present as well. However, in this case the model
parameters have a different physical meaning, since
the frictional force Fa of the model shown in Fig. 9
does not account for the contribution of the slide,
but only for that of the upstream elements, which
is usually the prevailing one. However, due to the
effect of speed ratios, generally the effective contribution of the micro-dynamic forces can be considered
as a virtual variation of Fa and therefore is already
taken into account by the MRAC algorithm used to
adapt the value of the proportionality parameter b of
equation (2). This implies also that usually the cumbersome trial-and-error phase in the determination of the
parameters of the pre-sliding module can be avoided,
since the adaptive nature of the algorithm takes into
account the influence of the pre-sliding phenomena
as well.
In conclusion, the suggested adaptive approach
seems thus suited to compensate both the macro- and
the micro-dynamics phenomena. Differently from the
cited approaches used to achieve nano-positioning
[4, 8, 12, 17], the method proposed in this work does
not hence require a dual control structure to be
implemented.
However, in cases when the reference position is
very large, the positioning speed can be improved
using any traditional actuation scheme. In this work,
this objective is achieved by using a simple PID control typology in which the proportional term is kept
constant while the I and D terms are set to zero (P control); in other experimental configurations it might be
necessary to use a real PD or PID control [3].
Based on the above considerations, a control procedure was implemented and its baseline structure is

Fig. 11
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(a) the reference position X0 is compared to the
actual slide displacement Xsl measured via the
interferometric system;
(b) if the obtained difference is very large, the system
is actuated using P control up to the point when it
comes to a rest;
(c) at this point actuation is performed by applying
impulses of variable widths, where the width of the
first impulse is determined by using a predefined
(supposed) value of the coefficient of proportionality between the displacement and the square of
the pulse width;
(d) the subsequent values of this coefficient are determined by an adaptive approach using the MRACtype algorithm of Fig. 8.
Figure 11 shows the experimental results obtained
by applying the described procedure in the case of a
rather small reference position (10 μm) and a rather
large one (1 mm). For comparison purposes, in the
same figure are given also the results obtained by
using the simple proportional control. In the case of
the control scheme proposed in this work, the system
is initially actuated following a P control law, which
results in a high slope and a marked overshoot. The
adaptive pulse width control is then applied resulting
in a considerably smaller velocity bringing the system
to the reference position with nanometric accuracy.
In fact, several measurements performed with various
reference positions by using the proposed approach,
allowed establishing that in all the considered cases
the positioning error was equal to the interval of uncertainty of the measurements of the laser interferometer
system (i.e. the error was within ±20 nm), indicating
that at least in some cases reached accuracy may even
be better.
5

CONCLUSIONS

Several methods have been proposed in literature
to achieve nanometric positioning. Generally these
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approaches require off-line system identification and
dual-mode control laws where the models used to
describe, respectively, the macro- and the microdynamic friction regimes are usually different and
quite complex.
In this work a simple and unique control typology
has been proposed. The procedure is based on the
adaptation of the width of the actuating impulsive
force and it does not require a trial-and-error determination of the characteristic parameters of the complex
micro-dynamics model. In fact, the pre-sliding effect
is shown to be equivalent to a small perturbation of the
macro-dynamics phenomenon so that the adaptive
nature of the compensation of the latter counterbalances the consequences of the micro-dynamic effects
as well. The adoption of the proposed pulse width
approach to nano-positioning on short and longer
travels confirms the validity of the physical interpretation of the observed phenomena. In fact, experiments
show that in all the considered cases positioning
within ±20 nm from the reference position has been
obtained; this value corresponds to the precision of
the laser interferometer.
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APPENDIX
Notation
b
c
cs
F
Fa
Fc
Fimp
F̄imp
Fs

coefficient of proportionality for pulse
width control
viscous damping coefficient
viscous damping coefficient of
pre-sliding module
applied force
friction force
Coulomb friction
pulse force of finite width timp
amplitude of Fimp
static friction
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k
k1 , k2 , β
m
M
Mf
M∗
ns
Q
t
timp
x
xs , xp
X
Xsl
X0
X
α, λ, n
σ
ω

1963

stiffness of coupling between mass M ∗
and mass m
non-linear spring parameters of
pre-sliding model
pre-sliding translational mass
equivalent translational mass of the
system
frictional torque
macro-dynamics translational mass
sample size
input force to pre-sliding module
time
pulse width
displacement of mass m
non-linear spring and plastic
displacement of mass m
displacement of the mass in the
macro-dynamics regime
slide displacement
reference position
displacement as calculated in MRAC
reference model
parameters of plastic module in
pre-sliding model
pre-sliding friction force
angular velocity
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